This paper deals with the problem of estimating cut results for faceted gemstones. The proposed approach applies artificial neural networks for a faceted gemstones analysis tool that could be further developed for incorporation in a computer-aided-design (CAD) context. Basic concepts concerning gemstone processing are introduced and the design of computational tools using neural networks is discussed. The model presented proposes two criteria to assess the efficiency of lapidary designs for rock crystal quartz: brilliance and yield. Closing the article, 62 different lapidary models were used to train and test the neural network tool.
Introduction
The minerals qualified as gemstones are remarkable and attractive in consequence of special characteristics like color, brilliance, transparency, hardness, durability and rarity. Its beauty, essentially associated with their optical features, has made these precious stones very attractive for diverse applications related to adornment objects and its rarity has assigned high exchange value to them. Man's fascination with gemstones dates from prehistoric times and since the beginning of civilization, examples of efforts to improve the optical properties of some gemstones are found, aiming at enhancing its beauty and, consequently, its exchange value [1] .
One of the most important ways to aggregate value to the gemstones is lapidary, the general denomination of the cutting and polishing processes applied to solid materials. In the field related to this work, lapidary techniques are still being developed in terms of producing even more sophisticated models, seeking to control color saturation, to maximize the return of incident light from the observer perspective, to obtain interesting distortion effects of light rays inside the gem, to reduce wastage in the raw material cutting, or simply to allow the setting of the gemstone on the jewel assembly [2, 3] .
This article presents a study of the application of artificial neural networks (ANN) on efficiency in parameters estimation and evaluation of lapidary design results considering the technique of faceting. Application of ANN-based tools on materials science and engineering is becoming an interesting issue for design, characterization and evaluation problems. For instance, some useful ANN applications on materials science can be found in [5, 4, 6] . The results or efficiency of such lapidary designs can be measured in terms of optical performance and weight retention. The optical performance of gemstones can be judged primarily for its brilliance, defined as the portion of incident light that returns to an observer after traveling through different paths inside the gem. The weight retention, here called yield, is the weight ratio between the raw material and the final faceted gem obtained after the cutting and polishing tasks [7] [8] [9] . Computational tools based on artificial neural networks have been applied to different kinds of problems where it is necessary to extract knowledge from strongly nonlinear and complex systems, being the case of the relationship between the geometry of three-dimensional faceted gem and its brilliance and yield results. This study's subject relevance can be observed in some recent related works concerning these two main gems properties. For instance, an interesting hybrid artificial intelligence approach for the yield improvement is described in [10] . A computational tool for quality grading, based on rule-based knowledge representation, fuzzy logic and genetic algorithms, provides better understanding of lapidary possibilities and therefore can contribute to wastage reduction when real faceting actually takes place. Another innovative work presents a detailed study of optical effects inside a polyhedral faceted gem, modeling the complex behavior of light in such materials, and proposes an efficient computer graphics algorithm for rendering faceted gemstones and obtaining a photo-realistic graphic representation of optical effects such as color and brightness [11] .
The international jewellery industry is the final destination of most part of faceted gems, turning about 14 billion dollars per year on the international trade (estimative of Brazilian Institute of Precious Gemstones and Metals -IBGM [12] ). Developing countries such as Brazil, the major producer of rough gemstones, could improve economical turnovers with better utilization of available mineral resources. It can be verified in the European jewellery report of the Centre for the Promotion of Imports from Developing Countries -CBI [13] . The lapidary taken as an industrial design process shows ways to aggregate value to mineral production and to improve this relevant sector. The Brazilian case of under-exploitation of its actual economic potential constitutes the main motivation for this study [14] .
Lapidary
The lapidary as procedure to process minerals for adornment purpose has its origins, according to historians, on the region of Iraq in 5th AC century. The early lapidary designs were obtained by polishing natural faces of crystals and pebbles found on alluvium deposits. Later appears the cabochon model, consisting of domed polished gemstones without facets, with smooth, rounded edges. Around the 13th DC century, better optical results are obtained with faceted lapidary models, produced using flat discs sprayed with powdered diamond and corundum to create small cuts by abrasion. The shapes became prismatic to enhance the already known significant effects like brilliance and light dispersion. In the 20th century, lapidary designs for the diamond industry begin to be described by well-defined parameters, and started the ongoing research about the improvement of these models.
The basic nomenclature of a faceted model is shown in Fig. 1 . The model parameters are related to dimension proportions between the indicated elements. The cutting models can present diverse characteristics in terms of shape. Fig. 2 shows some typical geometry shapes.
Analyzing the interaction of the light with a transparent gem, it is possible to remark the main physical phenomena in terms of geometric optics. When an incident light ray reaches the gem surface, part of it is reflected and the other part is transmitted or refracted across the air-gem interface. The refracted fraction of the ray travels inside the gem and so it repeats this phenomenon when it reaches another gem-air interface, at an internal surface this time. Fig. 3 illustrates this optical phenomenon, where it is shown that there exists a certain angle value that delimitates the occurrence of refraction; this angle value is called critical angle. The Snell law gives the relation between the incident angle and refraction angle:
where c is light velocity in the air, v is the light velocity inside the gem, n is the refraction index of the gem material, sin(i) is the sinus of incident angle, and sin(r) is the sinus of refraction angle. Together with table size, the angles formed by the gem crown and the pavilion, with reference to the horizon plan (the girdle), define the geometry and are determinant of the brilliance criterion value, considering the refraction index of the specific gem material. Fig. 4 shows one incident angle being totally reflected back to observer eye after incising at an angle equal to pavilion angle a and being reflected at an angle v. The pavilion angles of a gemstone should therefore be larger than the critical angle for each refraction index.
The brilliance, an essential property for a gem evaluation, is defined as the fraction of the incident light that returns to an external observer positioned frontally to the crown, after successive internal reflections.
Another main feature of a gem-cutting model is the yield, i.e., the weight ratio between uncut rough stone and finished faceted gem. In general, the raw material is presented to the lapidary processing in strongly irregular and diverse shapes. Consequently, for comparative criterion, a convention is established as a percent volume of the faceted gem inside a cube of the smallest size that may contain this gem.
Description of the model
A cutting model can be defined through a diagram with the description of all geometric parameters, dimension ratios, quantity of facets, and necessary angles for each facet. Fig. 5 shows an example of a cutting diagram for a round standard brilliant generated by GemCAD software. This specialized software provides an estimation of brilliance and material utilization for the models considered in this article. Its estimation procedure is based on inverse ray tracing considering the geometry and refraction index Table 1 Design parameters of studied lapidary models (first part) of a specific gem-cutting model. Although considered fairly simple, compared to very sophisticated models such as described in [7, 11] , its results show similar relations between proportional variations and brilliance in macroanalysis. To provide the models for the study, designs for quartz were collected at [15] , a commercial website that presented an organized and easily accessible collection. The GemCAD outputs for brilliance and yield will be used to evaluate the results obtained by the proposed neural network based tool. According to this study assumptions concerning the faceted gemstone evaluation, two properties are preponderant: brilliance and yield. The gem design parameters, supposedly determinant of these evaluation aspects, can be enumerated: (i) total number of gem facets F; (ii) dimension ratio between table and width T/W; (iii) dimension ratio between table and length T/L; (iv) dimension ratio between pavilion and width P/W; (v) dimension ratio between crown and width C/W; (vi) dimension ratio between total height (crown height + girdle thickness + pavilion depth) and width H/ W [7, 16] . Remark: for round models like this one showed in Fig. 5 , W = L and, consequently, T/W = T/L. Tables 1  and 2 present the design parameters values for the studied gem models.
Even if not exhaustive, given the diversity of faceting possibilities, the lapidary diagrams studied comprise various shapes and geometric features to ensure a representative faceted gemstones assortment. Some examples of the considered models are shown in Fig. 6 .
Parameters estimation
The proposed tool for faceted gemstones evaluation is based on artificial neural networks, which are intrinsically parallel and distributed computation systems inspired on the biological brain functions. These systems associate input and output data through artificial neuron units, or nodes, each of which performs a linear combination of the received signals and sends the result to an activation function used to simulate the firing process of a biological neuron. They are organized in layers from which they connect to each of the neurons in the subsequent layer, thus leading to a neural network. Weights values are assigned to the connections among the neurons in the different layers. A general scheme of a feed-forward ANN is presented in Fig. 7 in which the signals propagate from the input to the output without any kind of signal feedback.
A mathematical model of the artificial neuron function was initially proposed by neuro-physiologist Warren McCulloch and mathematician Walter Pitts, in 1943 [18] . In this model, the neuron output is activated by the linear combination of the inputs (cf. Fig. 8 ). It can be considered Table 2 Design parameters of studied lapidary models (second part) as a transfer function producing the output value as a function of the weighted inputs. Different mathematical functions may be used for the neuron activation. The main concern in artificial neural networks is the assignment of appropriate weights to the connections. In 1958, based on the works of McCulloch and Pitts and of neuro-physiologist Donald Hebb, who first postulated a learning paradigm for the biological neurons, Frank Rosenblatt proposed a learning algorithm called the perceptron neural network, which in its simplest architecture is composed of a McCulloch and Pitts neuron with several inputs. This algorithm gradually finds the appropriate weights by presenting input-output pairs to the network, that is, the procedure searches for the extraction of input-output relation. When the training procedure is accomplished for an appropriate choice of training data set, the ANN is able to estimate output variables for unknown input data. However, it may only solve classification problems of linearly separated classes. In the learning process, input and output data are organized in vectors. The number of neurons in the input and output layers depend on the input and output vectors dimensions, respectively. The estimation of the number of hidden neurons, however, is an unsolved issue and usually it is achieved by experimenting different neural network architectures and choosing the one that solves the problem requiring less computation resources.
In this training algorithm, when a new input vector i is chosen from the training data and it is presented to the neural network input, an output vector o a results and it is compared to the desired (and known) output vector o d . A possible description of the network error may be given by the squared difference:
The error is a measure of how close the ANN result is from the desired value for a particular input. The purpose of the backpropagation algorithm is to minimize the sum of squared errors for the entire training data (the mean square error -mse). This problem can be described by the minimization of an objective function:
The backpropagation algorithm is an interactive resolution approach for this optimization problem. The numerical resolution may require many cycles of presenting the training data and controlling the objective function decrease until it reaches a target value. Many computational packages of numerical calculus offer toolboxes implementing different training algorithms based on different optimization strategies.
The main step of the algorithm is the weight adjustment process performed after calculation of the local gradient of the neuron k, as it is described in [18] . A weight w ki from the ith input to neuron k is updated as where g is the learning rate; d k is the local gradient of neuron k; and y i is the input flowing through weight w ki . The design of ANN architecture for a specific application requires the choice of the network type choice, the number of layers, the input and output variables, and the mathematical activation function of each neuron. Furthermore, it is necessary to collect relevant data relative to the problem. In this paper, an ANN based solution is pursued for the problem of lapidary design. The considered data for the rock crystal quartz is composed by the 62 faceting diagrams set discussed in Section 2.
In the network training procedure, the faceting diagrams were divided in two groups: a training group with 59 models, and a second group with three models for testing the resulting network. The models of testing group were chosen arbitrarily: numbers 4, 13 and 58, see Fig. 9 . The input vectors were normalized and scaled (values between 0 and 1), and the number of neurons for each layer was defined by considering practical hints based on several ANN applications described in [18] .
The proposed neural network architecture was designed as a multilayer perceptron composed by an input layer with 6 nodes, one hidden layer with 12 nodes, and the output layer with 2 nodes corresponding to the brilliance and yield attributes. The activation function was chosen as the logistic function with output in the closed interval (0, 1) [17] [18] [19] . This function is monotonically increasing and smooth, which are essential features for the backpropagation algorithm:
Other ANN parameters are the learning rate and the target error. In the present implementation an adaptive learning rate approach was chosen while the target error was established as 10 À3 , based on the project choices.
Results
The training process was followed by the test, where the trained ANN-based tool was applied to analyze the testing data set, composed of models numbers 4 (eight round), 13 (cross point), and 58 (spiro). This procedure was repeated several times because the training algorithm uses random numbers generator to initialize the network state (the values of biases and connections' weights). Table 3 shows the results for 45 training and test procedure: the error average for the six estimated parameters values (brilliance and yield of three models), the maximum value between the six parameters errors, and final value of the training performance index after 5000 epochs. For these 45 repetitions, the average values of mean and maximum errors obtained are 4.62% and 9.74%, respectively.
The details of one of these training and test procedures, the results of each parameter estimation and its known values (brilliance and yield) for the three test group models, and the respective errors can be seen in Table 4 , and the variation of the training performance error (the mean square error -mse) during 5000 epochs (presentation of the training data set) is shown in Fig. 10 . Observe that the mse reach a value about 10 À3 . At the end of this learning procedure, the connections weight were obtained, representing the extracted knowledge of the studied problem.
For the following tests, a different strategy is considered: the called regularization method. This training strategy is applied to make the most of a limited supply of studied problem data, and the main goal is to improve the ANN generalization. The main training procedure difference concerns the performance function (usually the sum of squares of the network errors). The optimal performance function is obtained by adding a term that takes in account the mean of the sum of squares of the network weights and biases.
where c is the performance ratio, and
This training performance function allows the network to have smaller weights and biases, and the network response becomes smoother and less likely to overfit. An automated regularization, that can determine the optimal regularization parameters, based on Bayes' theorem, is proposed in [20] . In this automated procedure, the weights and biases of the network are considered as random variables with specified distributions. The parameters are related to the unknown variances associated with these distributions, and they can be estimated using statistical techniques.
The results of the training and test procedure using regularization can be seen in Table 5 . These results present a strong convergence and repetition (without the results fluctuations seen in the precedent used strategy). The architecture considered here presents the input layer with six neurons, one hidden layer with six neurons, and the output layer with two neurons. This ANN structure was obtained using pruning methods [18, 19] . For these tests, the average values of mean and maximum errors obtained are 4.05% and 11.40%.
These results show that the ANN-based computational tool was capable of extracting knowledge from the prediction problem concerning evaluation parameters of faceting diagrams. The refinement of this CAD tool depends mainly of amassing a more representative and diversified sample of lapidary gemstone models, including an exhaustive array of shapes and proportions.
Considering the diversity of geometric possibilities of lapidary models, the limitations of the models data set used in the work, the physical characteristics of the problem, the important complexity of the relationship between the input 0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000 10 If additional data is made available, the proposed ANN based system can be easily retrained to capture additional features from the data, thus enhancing its classification performance.
Conclusion
This paper presented a general study of the problem of gem lapidary as a combination of physical and geometric effects influencing the evaluated beauty of faceted gems, through the light-material interactions, the material properties, and the polyhedral shapes. Considering the specific case of solid crystal quartz, an ANN-based design tool was proposed for the prediction of important evaluation properties (brilliance and yield).
The training and test procedures confirmed the work hypothesis about the exploitable adequacy of this class of artificial intelligence instrument, and it opens interesting possibilities for CAD tools development in the search for faceted gems design improvements, concerning an economic domain of indubitable relevance, specially for developing countries with important minerals resources, as the case of Brazil.
